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Abstract. This paper studies Brownian motion and heat kernel measure on 
a class of infinite dimensional Lie groups. We prove a Cameron-Martin type 
quasi-invariance theorem for the heat kernel measure and give estimates on the 
L v norms of the Radon-Nikodym derivatives. We also prove that a logarithmic 
Sobolev inequality holds in this setting. 
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1. Introduction 

We define Brownian motion on a class of infinite dimensional Lie algebras which 
we call semi-infinite Lie algebras. We then prove a Cameron-Martin type quasi- 
invariance result for the associated heat kernel measure, as well as a logarithmic 
Sobolev inequality. A particular example of these semi-infinite Lie algebras was 
treated in [10], and we build on the methods used there. 

We briefly describe here the main results and give an outline of the paper; see 
Sections [2] and [3] for definitions. Let (W, H, fi) be an abstract Wiener space and be 
a finite dimensional Lie algebra equipped with an inner product. Let q = W(BV be a 
Lie algebra extension of W by 0, and we will call qcm = H © the Cameron-Martin 
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Lie subalgebra of g. If g is nilpotent, we may define an explicit group operation 
on g via the Baker-Campbell-Hausdorff-Dynkin formula, and W © equipped with 
this group operation will be denoted by G. Similarly, Gcm = H © D with the same 
group operation is called the Cameron-Martin subgroup of G, and we equip Gcm 
with the left invariant Riemannian metric which agrees with the inner product 

((A,a),(B.b)) SCM = (A,B) H + (a,b) 

on QCM — T e GcM- 

In Section [2J we set the notation and give some standard facts needed about 
abstract Wiener spaces and extensions of Lie algebras. In Section [3] we construct 
the semi-infinite Lie algebras and give some examples. We make some additional 
requirements so that the Lie bracket on g is continuous, making g into a Banach 
Lie algebra. In Section I3T21 this gives bounded Hilbert-Schmidt norms for the Lie 
bracket, and, in Section r3.41 lower bounds on the Ricci curvature of G and a uniform 
lower bound on certain finite dimensional approximations of G. 

In Section [4] we define Brownian motion on G as the solution to a stochastic 
differential equation with respect to a Wiener process on g. Let Bt denote Brownian 
motion on g. Then, Brownian motion on G is the solution to the Stratonovich 
stochastic differential equation 

Sg t = g t SB t := L gt .JB t , with g = e = (0, 0). 

For t > 0, let A„(i) denote the simplex in K™ given by 

{s = (si, • • • , s n ) £ R" : < sx < s 2 < ■ ■ • < s n < t}. 

Let S n denote the permutation group on (1, • • • , n), and, for each a 6 <S n , let 
e(er) denote the number of "errors" in the ordering (c(l), <r(2), • • • , a(n)), that is, 
e(er) = < n : a(j) > a{j + 1)}. Then the Brownian motion on G may be 
written as 

a = E£ ((-W» a 

n=l aES n ^ ' 

where this sum is finite since g is assumed to be nilpotent. In SectionJH we show that 
these stochastic integrals are well-defined and each may be expressed as a sum of 
iterated Ito integrals. We also show that g t may be realized as a limit of Brownian 
motions living on the finite dimensional approximations to G. In particular, we 
show in Proposition [49] that this convergence holds in L p , for all p £ [1, oo). 

In Theorem I5.3( we apply the previous results and a theorem from [11] to prove 
that u t = Law(gt) is invariant under (right or left) translation by elements of 
Gcm- Moreover, this theorem gives good bounds on the L p -norms of the Radon- 
Nikodym derivatives. These results are important for future applications to spaces 
of holomorphic functions on G, as in [12]. We also show in Theorem 15.71 that a 
logarithmic Sobolev inequality holds for polynomial cylinder functions on G. 

For heat kernel analysis, quasi-invariance results, and logarithmic Sobolev in- 
equalities in related infinite dimensional settings, see [HIT?], 

2. Preliminaries 

2.1. Abstract Wiener spaces. In this section, we summarize several well known 
properties of Gaussian measures and abstract Wiener spaces that are required for 
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the sequel. For proofs of these results, see Section 2 of [10]. Also see [6l [19] for 
more on abstract Wiener spaces and some particular examples. 

Suppose that W is a real separable Banach space and Bw is the Borel tr-algebra 
on W. 

Definition 2.1. A measure /i on (W,Bw) is called a (mean zero, non-degenerate) 
Gaussian measure provided that its characteristic functional is given by 

(2.1) £(u) := / e m{x) dti{x) = e -^ u ' u) , for all u £ W* , 

Jw 

for q = q^ : W* x W* -^la symmetric, positive definite quadratic form. That is, 
q is a real inner product on W*. 

Theorem 2.2. Let /i be a Gaussian measure on a real separable Banach space W . 
For 1 < p < oo, let 

(2.2) C p := f \\w\\ p w d^w). 

Jw 

For w 6 W, let 

\u(w)\ 



\w\\ H ■= sup 



uew*\{0} ^fq{u,u) 
and define the Cameron-Martin subspace H C W by 

H:={heW : \\h\\ H < oo}. 

Then 

(1) For all 1 < p < oo, C p < oo. 

(2) H is a dense subspace ofW. 

(3) There exists a unique inner product (•, -)h on H such that = (h, h)n 
for all h G H , and H is a separable Hilbert space with respect to this inner 
product. 

(4) For any heH, \\h\\ w < VC^\\h\\ H - 

(5) // {kj}°°^ 1 is an orthonormal basis of H and ip is a bounded linear map 
from W to a real Hilbert space C, then 

oo 

(2-3) IMl!r.ec~£M**)llo= / IM«0llo d A*(«0 < °°- 



3 = 1 

A simple consequence of (|2.3p is that 



(2-4) IMIff.®c < IMIw*®c / \MwMv)=C*\\<P\\w*g>c- 

Jw 

2.2. Extensions of Lie algebras. Suppose is a Lie algebra and Der(o) is the set 
of derivations on 0. That is, Der(o) consists of all linear maps p : D — > satisfying 
Leibniz's rule: 

p([X,Y] v ) = [p(X),Y} + [X,p(Y)} B . 
Der(o) forms a Lie algebra with Lie bracket defined by the commutator: 

[pitPi] = P\Pi - P2P1, for pi,p 2 € Der(o). 

Der(o) is a subset of linear maps on 0, so if D is a normed vector space, one may 
equip Der(o) with the usual norm 

(2-5) ||p||o = s U p{||p(X)|| D :||X|| D = l}. 
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Now suppose that f) and are Lie algebras, and that there is a linear mapping 

a : fj — > Der(o) 
and a skew-symmetric bilinear mapping 

uj : f) x fj — > D, 

satisfying, for all 

(Bl) [ax.ay] - a[x,y]„ = ad w (x,r) 

and 

(B2) £ (a x u(Y,Z)-u([X,Y] h ,Z)) = 0. 

cyclic 

Then, one may verify that, for X\ + V\, X 2 + V 2 € f) © 0, 

[Xj + Ki,X 2 + F 2 ] fl := [Xi,X 2 ]f, + lo{X 1 ,X 2 ) + a^Va - a Xa Vi + [V U V 2 ]* 

defines a Lie bracket on g := fj © 0, and we say g is an extension of f) over 0. That 
is, g is the Lie algebra with ideal and quotient algebra g/v = f). The associated 
exact sequence is 

where l\ is inclusion and 7r 2 is projection. In fact, the following theorem (see, for 
example, [2]) states that these are the only extensions of f) over 0. 

Theorem 2.3. Isomorphism classes of extensions oft) over (that is, short exact 
sequences of Lie algebras — > t> — > g — ► fj — > 0) modulo the equivalence described by 
the commutative diagram of Lie algebra homomorphisms 



-> — 


— ► 


— ► f) ► 




'I 


•4 


-> — 


— 0' - 


— ► b ► 



correspond bijectively to equivalence classes of pairs of linear maps a : f) — > Der(o) 
and skew- symmetric bilinear maps ui : f) X f) — > satisfying HB1\) and Wty) . where 
(a,u>) = (a! ,u)') if there exists a linear b : () — > t> suc/i £/iat 

«x = + adb(x), 

and 

u/(X, Y") = u(X, Y) + a x b(Y) - a Y b{X) - b([X, Y]) + [b(X),b(Y)] . 

The corresponding isomorphism <p : g — > g' is given by ip{X + V) = X — b(X) + V . 

When o = V is an abelian Lie algebra, these pairs consist of a Lie algebra 
homomorphism a : t) — > gZ(V) and a; € # 2 (f), V) is a Chevalley cohomology class 
with coefficients in the f)-module V (see [TB], Chapter 1, Sections 3.1 and 4.5). 
For definitions and details on extensions of Lie algebras, see Section XIV. 5 of [7j. 
Reference [2] also gives a nice (although unpublished) summary. Reference [26] 
gives some conditions under which the extension of t) over t> is nilpotent (when f) 
and are nilpotent); [22] gives a characterization of extensions of a Lie algebra over 
a Heisenberg Lie algebra. 
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3. Semi-infinite Lie algebras and groups 

Throughout the rest of this paper (W, H, fi) will denote a real abstract Wiener 
space, and will denote a Lie algebra with dim(o) = N < oo, equipped with an 
inner product (•, •)„ and a continuous Lie bracket [•, •]„. Note that this implies that 
there exists a constant cq < oo such that 

||[x,Y]|| <c ||x|| ||y|| , 

for all X, Y € 0. For simplicity, we will assume that Co = 1. Also, Der(o) will 
denote the derivations of 0, equipped with the norm defined in (|2.5|) . 

Definition 3.1. Let (W,H, /x) be an abstract Wiener space and a finite dimen- 
sional Lie algebra. Then g = W © endowed with a Lie bracket satisfying 

(1) [q,q] C t>, and 

(2) [•, •] : Q x Q — > Q is continuous, 

will be called a semi-infinite Lie algebra. 

Motivated by the discussion in Section |2"T21 we may consider W as an abelian Lie 
algebra and construct extensions of W over o. So suppose there is a skew-symmetric 
continuous bilinear mapping 

to : W x W — > 

and a continuous linear mapping 

a : W -> Der(o) 

such that a and oj satisfy (IB1|) and (IB2I) . which in this setting become 

(CI) [a x ,a Y ] = ad w( x,y) 

and 

(C2) a x oj(Y, Z) + a Y u(Z, X) + a z uj(X, Y) = 0, 

for all X,Y, Z E W . Then we may define a Lie algebra structure on g := W © via 
the Lie bracket 

[{Xt , V 1 ) , (X 2 , V 2 )] B : = (0, lo (X 1 , X 2 ) + a Xl V 2 - a X2 V 1 + [Vt , V 2 ] ) . 
The vector space g is also a Banach space in the norm 

\\(w,v)\\ := \\w\\ w + \\v\\x» 
and Qc M '■= H © is a Hilbert space with respect to the inner product 

((A,a),(B,b)) gcM := (A, B) H + (a, &>„. 
The associated Hilbertian norm on Qcm is given by 

\\(Aa)\\ 3CM := ^11^11^ + Hg. 

Notation 3.2. Let 

||o>||o := sup{\\uj(wi,w 2 )\\ : \\wi\\w = \\ w 2\\w = 1} 

and 

||a||o := suplHa^wllo : \\w\\ w = \\v\\ = 1} 
be the uniform norms of to and a, which are finite by their assumed continuity. 
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It will be useful to note that 

(3.1) ||[ v ]||o :=sup{||[ 5l ,.g 2 ]|| D : || 5l || fl = \\g 2 \\ B = 1} < ||w|| + 2||a|| + K oo, 
and similarly 

(3.2) C := C{u,a) := sup{\\[h, k]\\ : \\h\\ SoM - \\k\\ BCM = 1} < ||[-, .]|| < oo. 
Thus, for all I = 1,- • • ,r - 1, 

\\Bd{k\\ <C e \\hf BO Jk\\ BcM . 

If D is nilpotent, li and a may be chosen so that g is a nilpotent Lie algebra (see 
Section |3~T1 for some examples). For g nilpotent of step r, the Baker-Campbell- 
Hausdorff-Dynkin formula implies that 

r-1 

log(e^ B ) = A + B + ]T < m ad>d^ • • • ad$»ad£M, 

fc=l (n,m) GXfc 



for all A, i? 6 g, where 
(3.3) a 



(-1)* 



(fc + l)m!n!(|n| + 1)' 



Xfe := {(n, m) € x Z*|_ : ft; + > for all 1 < i < k}, and for each multi-index 

n e 1%, 

n\ = nil ■ ■ ■ rife! and \n\ = n\ + • • • + rife, 
see, for example, [15] . Since g is nilpotent of step r, 

ad^ad™ 1 • • • ad^ fc ad™M = if \n\ + \m\ > r. 
for A, B £ g. In particular, one may verify that 

r— 1 

(3.4) ff-ft = s + A + X; E < m ad-adr---ad^adr5 

k— 1 (Ti,m)£l fc 

defines a group structure on g. Note that 5 _1 = —5 and the identity e = (0,0). 

Definition 3.3. When we wish to emphasize the group structure on g, we will 
denote g by G. Similarly, when we wish to view gcM as a subgroup of G, it will be 
denoted by Gcm and will be called the Cameron- Martin subgroup. 

(Since g is simply connected and nilpotent, the exponential map is a global 
diffeomorphism (see, for example, Theorems 3.6.2 of 25 or 1.2.1 of [9]), and we 
may identify g and G under exponential coordinates. In particular, we may view g 
as both a Lie algebra and Lie group.) 

Lemma 3.4. The Banach space topologies on g and Qcm make G and Gcm into 
topological groups. 

Proof. Since g and gcM are topological vector spaces, g i— > g^ 1 = —g and 
(ffi>ff2) i— * gi + 52 are continuous by definition. The map (51,(72) l_ > [flljffa] is 
continuous in both the g and 0c?M topologies by the estimates in equations (|3.ip 
and (|3.2[) . It then follows from (|3.4[) that (51,52) 1— ► 5i • 52 is continuous as well. ■ 
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3.1. Examples. In this section, we give a few simple examples of semi-infinite Lie 
algebras. 

Example 3.5. If is a finite dimensional inner product space, we may consider 
as an abelian Lie algebra, and taking a = yields the infinite dimensional (step 2, 
stratified) Heisenberg like Lie algebras described in [TU] . 

Example 3.6. Suppose is an TV-dimensional nilpotent Lie algebra. One standard 
way to construct Lie algebra extensions is as follows. Let (3 : W — > be a continuous 
linear map, and define a : W — > Der(o) as the inner derivation ax "■= ad^x)- 
In this case, (jCll) and (|C2[) are both satisfied if a; : W x W — » o is given by 
w(X,Y) := [{3(X),/3(Y)} . Thus, fl has Lie bracket 

[(X, V), (Y, U)] g = (0, [p(X),p(Y)} + \J3(X), U} - W(Y),V} + [V, [/]„), 

and, if is nilpotent Lie algebra of step r, then g is nilpotent of step r. 

One should note for this construction that, since (3 is linear, we have the decom- 
position W = Nul(/3) © Nul^)^, where dim(Nul(/3) x ) < dim(tJ) = N. Thus, for 
X = X 1 +X 2 ,Y = Y 1 +Y 2 eW, 

u>(Xi + X 2 ,Y 1 + Y 2 ) = \J3{X 1 + X 2 ),f3(Y 1 + Y 2 )} - [(3(X 2 ), (3(Y 2 )], 

and oj is a map on Nul^)- 1 x Nu^/J)- 1 . Thus, [Nul(/3), Nul(/3)] = {0} and similarly 
[Nul(/3),0] = {0}. So 

g = W ffi o = Nul(/3) 8 Nul^)- 1 © o 
is in a sense just an extension of the finite dimensional subspace Nu^/?)^ by 0. 

Example 3.7. One can generalize the previous example by taking a linear map 
/3 : W — > f), where t) is nilpotent Lie algebra, and constructing an extension of f) by 
a nilpotent Lie algebra. For the sake of a concrete example, consider the following. 
Let 

W = W{R 3 ) = {a : [0, 1] -> M 3 : cr is continuous and ct(0) = 0} 

and 

H = |er £ W : a is absolutely continuous and J \\a{s)\\ 2 ds < oo 

so that (W, H) is standard Wiener space. Let = K 3 be an abelian Lie algebra. 
Let a — a(s) ds — (ai,a 2 ,a 3 ), and define u : W x W — > M 3 by 

w((T,t) = (CTif 2 - fia-2,CT2f 3 - t 2 o- 3 ,0) 

and a a : M? -> M 3 by 

^(x, y, z) = (0, 0, ctij/ - CT 3 a;). 
Then acra T =0 and (|C1|) is trivially satisfied. Using that 

a K w(cr, r) = (0, 0, Ri(a 2 f 3 - f 2 a 3 ) - Ks(aif 2 - f\a 2 )) 

one may verify that (|C2[) is satisfied. Thus, the Lie bracket for this extension 
= W R 3 is given by 

[(er,v), (t,u)] = (0,CTif 2 - na 2 ,a 2 f 3 - ? 2 a 3 ,aiu 2 - a 3 ui + ?iv 2 - f 3 Vi), 

[(k,w), [(cr,v), (r,u)]] = (0,0,0, Kx(a 2 f 3 - f 2 a 3 ) - R 3 (aif 2 - fia 2 )), 
and all higher order brackets are 0. 
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Note that this construction corresponds to the extension g = R 3 © R 
upper triangular matrices. To see this, let U = R 3 and V = V = R 3 , 
u' : U x U -> V by 



s , the 4x4 
and define 



uj((a,b,c),(a',b',c')) 

/0 a 0\ /0 

6 

c 

yo o o o/ \o 

/0 ob' - 6a' 


\0 

and a' : £/ -> srZ(V) by 



a 







b' 







c' 

0/ 



/o 






a 








// 






\ 


(0 


a 





°\ 










b 
















c 


/ 


V° 








0/ 





6c' - c6' 







a 









/o 





X 











a; 






r° 


« 





°\ 








6 
















y 













y 










b 














c 









































c 


\o 
























\p 




















0/ 





\0 

Then u> = lu' o (3 and a - 



/0 ay-caA 



a' o (3 where (3 : W — > U is given by /3(er) = (a\ , a 2 , 03 ) . 



Example 3.8. Consider D = R n ffiR as an abelian Lie algebra. For lu : W x W — > R™, 
we may write u; = (u/i, • • • ,w„), where oj^ : WxW — » R are bilinear, anti-symmetric, 
continuous maps. Similarly, for a : x R" — > R, we have c^(-) = a.e;, where 
{ e i}r=i i s the standard basis for R n . Thus, 



a w (ai,. . . ,a n ) 



Then a and lu satisfy (|C2[) as long as 

QiAwi + - 



+ a„ A w r . 



0. 



In the case n = 1, this is not very interesting, since a A w = implies that 
lu = a A /3 for some /3 € Vy*. 

For n = 2, we have = R 2 ©R. Let fl : W x W — > R be bilinear, antisymmetric, 
and continuous, and 7 : PF — > R be linear and continuous. Then define to : WxW — > 
R 2 by w = (O, fi) and a : x R 2 — ► R by ot\ = 7 and a 2 = —7, so that, for any 
u,w eW and w = (vi,v 2 ) £ R 2 , 

u) — (Q(w, u), Q(w, u)) and a w v = j(w)(vi — v 2 ). 

Note that, for any w,u,h € W, lu and a satisfy 

oth0j(w, u) — ah(Cl(w, u), fl(w, u)) — j(h)(Cl(w, u) ~ Q(w, u)) = 0. 
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Thus, for any (w, v, x), (w',v',x'), (w",v",x") € W © t>, 
[(w, v, x), (w 1 , v', x')] = (0, w(w, w'), a w v' — a w >v) 



= (0, (n(w, w'),% to')), 7(w)(«i ~ v 2) + l(w')(v! - v 2 )), 
\{w",v", x"), [(w, v, x), (w',v', x')]} = (0, 0, a w „Lj{w, w')) = 0, 



and g is a step 2 Lie algebra. The group operation is given by 



(w, v, x) ■ (w' , v' ', x') = (to + to', t? + 1/ + to'), f2(w, to')), 




As an example of a particular appropriate O and 7, again let = W^R 3 ) and 
H be as in Example 13.71 Suppose ip is an anti-symmetric bilinear form on R 3 , 
p : R 3 — > K is a linear map, and let 77 be finite measure on [0, 1]. Then we may 
define 



Example 3.9. Here we make a slight modification on the previous example to con- 
struct a stratified step 3 Lie algebra. Let = R 6 = R 3 © R 2 © R be an abelian Lie 
algebra. Let fl and 7 be as in the previous example. Define u> : W x W — ► R 3 by 



and a : x — > by 

a^((fi,W2,w 3 ), (xt,x 2 ),y) = (0, (7(10) (ui - v 2 ),j(w)(v 2 - v 3 )),j(w)(x 1 - x 2 )) 

(so a w is a particular element of the 6x6 strictly lower triangular matrices). Then 
ot w a u = a u a w and so a satisfies (|C1|) . and also 



a v w{w,u) = (0,(7(u) [n(w,u) - n(w,u)),~f(v){n{w,u) - n(w,u))),0) = 0, 
so a and w satisfy ()C2| trivially. The Lie bracket is given by 

[(to, v, x, y), (to', u', x', y')\ = (0, w{w, w'),a w v' - a w >v, a w x' - a w >x), 
or, more explicitly, this may be written componentwise as 

[(to, v, x, y), (to', t/, x, y')} 2 = (fi(to, w'),Sl(w, to'), O(to, to')) G R 3 , 

[(w,v,x,y), (w',v',x',y')] 3 

= (l( w )( v 'i ~ "2) ~ 7(^0 («i ~ v 2),l(w)(v' 2 - v' 3 ) - j(w')(v 2 - v 3 )) e R 2 , 




and 




and 



[(w,v,x,y), (w',v',x',y')]4 = j(w)(x[ - x 2 ) - j(w')(x! ~ ^2) G R- 
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Thus, 

[(w",v",x",y"),[(w,v,x,y),(w',v',x',y')}) 

= (0,0,a w »aj(w,w'),a w »(a w v' - a w >v)) 
= (0, 0, 0, a w »a w v' — a w tia w >v) 

= (0, 0, 0, j(w") 7 (w)(v[ - v' 3 ) - 7 (/)7K)(«i ~ v 3 )), 

and all higher order brackets are 0. So for g — (w,v,x,y) and g' — (to', v' , x', y'), 
the group operation is given by 

(g ■ g')x =w + w' 

(g ■ g')2 = v + v' + -w(w, to') 

(g ■ g')3 = x + x' + ~(a w v' - a w >v) 

(g ■ g')i =U + y' + -Aoc w x' - a w >x) + Y^( a w v ' + a 2 w ,v - a w a w '(v - v')). 

Clearly, this example may be further modified to make nilpotent Lie algebras of 
arbitrary step. 

3.2. Hilbert-Schmidt norms. In this section, we will show that the assumed 
continuity of uj and a makes the Lie bracket into a Hilbert-Schmidt operator on 
Qcm- This result will be needed later in guaranteeing that our stochastic integrals 
are well-defined. 

Notation 3.10. Let Hi,...,H n and V be Hilbert spaces, and let {/i}}^?J 
denote an orthonormal basis for each Hi. If p : Hi x • • • x H n — > V is a multilinear 
map, then the Hilbert-Schmidt norm of p is defined by 

IMI2 : = \\p\\h*®-®hz®V = \\p{h) 1 ,--- 1 h™J\\ 2 v . 

jl,—,jn 

In particular, for H an infinite dimensional Hilbert space with orthonormal basis 
{Mi=i, P ■ H ® n ~> V is Hilbert-Schmidt if 

OO 

IHI2 = IIpII(h*)®»®v = \\p(hh,"-,h jn )\\v < 00. 

jl,-..,Jn=l 

One may verify directly that these norms are independent of the chosen bases. 
Proposition 3.11. For all w £ W and IB, 

(3.5) \\a w ■ \\l* m < iV||a||olMlw and Wa.xW 2 ^.,^ < C 2 \\a\\l\\x\\l, 

where Ci is as in equation i2.2\) . Also, 

(3-6) Mw r )\\%, m <C 2 \\u\\l\\w\\ 2 w . 

Furthermore, 

\\a\\l < NC 2 \\a\\ I < 00 and \\u\\l < Ci\\u\\l < 00. 
Proof. Let {ei}fL 1 be an orthonormal basis of 0. Then, for any w £ W, 



N N 

1 2 _ 

I D*®D — 

i=l i=l 



Y H^ills < Y IMIoIIHIwHNIb = ^IMIollHlw- 
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For fixed x € 0, a.x : W — > is a continuous linear map. Thus, equation (12. 3|) gives 

II«-^IIh*(8ib = / II^^IIb 
iff 

< / l|a||g||Hlwll«ll2dA*(«') = C , 2||a||2||x||?. 

■/IV 

Similarly, for fixed w £ W and ■) : W — ► t), 

lk(«v)llff*<g>t, = / \\u{w,w')\\ldfj,{w') 
Jw 

< f Ml\\wf w \W\\ 2 w d^ w ') = c 2 Ml\\w\\ 2 w . 

Jw 

Since w i— ► a w is a continuous linear map from VF to 0* (E> 0, it follows from 
equations ((23)) and l|2.4p that 

2 _ / ll„ 1 1 2 



a\\ 2 = l \\a 



\\i. 99 dn(w)< / N\\ar \\wr w dn(w) = NC 2 \\ar , 



w 



and since w i— > ■) is a continuous linear map from VF to 7J* ® 0, 



IMI2 = ll*«-n«>(Mllir**(jr»«*) = / \\u>{w.-)\\ H . m dfitw) 

Jw 

< [ C 2 \\L0\\l\\w\\ w d^{w)=Cl\\L0\\l 

Jw 



This proposition easily gives the following result. 

Corollary 3.12. For all m > 2, [[[•, •], . . .], •] : gg^ f -> is Hilbert- Schmidt. 

Proof. For m = 2, this follows from the previous proposition and the continuity 
of the Lie bracket on 0, since taking {hi}^l 1 = U {&j}f =1 , where {k i \ c *L 1 

and {ej}^ =1 are orthonormal bases of H and t>, respectively, gives 



villi = \\[;-}\\l hMmhM ®»= £ llttfc»Ml2 

oc 00 N 

= M k iii k i2)\\l + J212\\ ak n e h\\l 

00 JV Af 

+ £ £ H a ^2 e Jillo + H ll[ e ii> e i 2 ]llo 

»a=l3i=l Ji,ia=l 

= 1 1 ^ 1 1 § + 2 1| || 1 + TV < co. 



Now assume the statement is true for all m = 2, . . . Consider m = £+1. Writing 

e-\ N 

-3Sj = 



[[h il , hi 2 ], ■ ■ ■ ,hi e ) € in terms of the orthonormal basis {ej}^ and using multiple 
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applications of the Cauchy-Schwarz inequality gives 

\\[[[-A,--]r\\\l = \\[[[-r],..],-]k ghM) ^ 

oo 

E \\\\[ h ii,hi 2 ],--- ,h ie },h ie+1 ]\\l 



,i e+1 = l 



E 



N 



N 



< N Yl ^\\[ e j> h U+i]\\l\{ e j,[[ h ii> h i2]r-- ,hi 

ii,. ..,i/+i=l j=l 



< iV 



<tfll[ 




JV 



where in the penultimate inequality we have used that all terms in the sums are 
positive. The last line is finite by the induction hypothesis. ■ 

3.3. Length and distance. In this section, we define the Riemannian distance 
on Gcm and show that the topology induced by this metric is equivalent to the 
Hilbcrt topology induced by || • || flCM . 

For g E G, let L g : G — > G and R g : G — ► G denote left and right multiplication 
by g, respectively. As G is a vector space, to each g E G we can associate the 
tangent space T g G to G at g, which is naturally isomorphic to G. 



Notation 3.13. For / : G 

let 



a Frechet smooth function and v, x E G and h E g, 



f'(x)h := d h f(x) = - 



f(x + th), 



and let v x E T X G denote the tangent vector satisfying v x f = f'(x)v. If a(t) is any 
smooth curve in G such that cr(0) = x and <r(0) = v (for example, a(t) = x + tv), 
then 

d 

L g *v x = — g- a(t). 
at 

Notation 3.14. Let T > and C^QO, T],G C m) denote the collection of C^paths 
g : [0, T] — > Gcm- The length of (/ is defined as 



Jo 



\Lg-i( s )*g'(s)\\ gcM ds. 



The Riemannian distance between x,y E Gcm then takes the usual form 

d C M{x,y) := inf{^cAf(ff) : 5 G ^([0, T], G CM ) such that ,g(0) = a; and g(T) = y}. 

Note that the value of T in the definition of dcM is irrelevant since the length 
functional is invariant under reparameterization. 
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Proposition 3.15. For g,x G G and v x € T X G, 
(3.7) 



r-l 



a n,m X 



Lg*V X = V + ^ 

k=l (n,m)G2Tfc 
mj-l 

E E ad 7 ad T ■ ■ ■ ad^adiad.ad^-^^d^- 1 • • • ad>d™*<7, 



3£{1, ...,fc} fcO 
m~ > 



where a„ TO are i/ie coefficients in the group multiplication given in equation L3.3\) . 

Proof. The proof is a simple computation. Let x(t) = x + tv, and first note 
that 



d 
di 



ad- ad--- -ad- ad- 



E E * A 7 &A T ■ ■ ■ ad^ad^ad„ad™^^ 1 ad-- 1 • • • ad^ad— < 



> 



Then using ()3.4j) and plugging this into 



v Wx - dt 
_ d 

~ di 



g ■ x{t) 

) 

r-l 

9 E < m ad r ad r ( v- ad r ad ^)5 

fe=l (n,m)Glfc 



yields the desired result. 

Example 3.16 (The step 3 case). When r = 3, the group operation is 
5 • h = g + h + ^{g, h] + ^([g, [g, h]\ + [h, [h, g}]). 

Thus, 



L g *v x - ^ 

_ d 
~ ~dt 



g ■ x(t) 



9 + x(t) + \\g,x{t)] + ±([g, [g,x(t)}} + [x(t), [x(t),g]}) 



= v + ^[g,v} + —([g, [g, v]] + [v, [x, g}} + [x, [v, g}]). 

Proposition 3.17. There exists K\ = K\(a A b) < oo (for a,b > 0) such that 
Ki(0) ~ and, for all x,y <E Gcm, 



d C M{x,y) < {l + K 1 (\\x\\ goM A \\y\\ SCM ))\\y-x\\ gcM +o(\\y-x\\ 2 gcM ) 
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Proof. For notational simplicity, let T = 1. If g(s) is a path in Cq M for 
< s < 1, then, by equation (|3.7| . taking g = g^ 1 (s), x = g(s), and u s ( s ) = g'(s), 



,,1 r-l m j- 1 

/ ^w+e E <™ E E ad :- 1( ,) ad : 

fcl (n,m)el t m 3 >0 £=0 



imi 



f/.S 



BCAf 



M+E E (-l) |n| l{-*>o}oJl, TO adH ) + l"l S '( a ) 

fc=l (n,m)Glfc 



f/.S 



PC A/ 



(3.8) 

where 
(3.9) 



?'(s) + E^ ad s«</( s ) 



ds, 



BCM 



^ : =E E (-l) H l {mfc >o } a 



k 



fe=l (n, m) e Ifc 
m| + |n| = £ 



Taking g(s) = x + s(y — x) for < s < 1, this gives 
d C M(x,y) < tcM(g) 



(y - x) + E * a< 4+.s( y -x) (y - 



£=1 
r-l 



(y-x) + E^ £ s^lad^ad^-.-ad^ad^Cy-x) 



- 1 (n, m) £ 

|m| + [n. = £ 



Splitting off all terms in the sum of order two or higher and evaluating the integral 
gives 

r-l 

dcM{x,y)< (y - x) + E^ ad l(y ~ : 



r-l 



E* E 

£=1 (n, to) S If 

jti| + \n\ = I 



1 



{|«l>0} .m.jtii 



n + 1 



ad^ 1 ad"I x • • • ad™ f ad™i 2 .(y - x) 



BCM 



< 



i+E E i^imi 



V 



£ — 1 (n, m) G X £ 
|m| + |n| = j 



ll»-a?IUo*i + (lly — ^Hec^) ' 



/ 



where C — C(oj, a) is as defined in (|3.2|) . Interchanging the roles of a: and y in g{s), 
and thus in this inequality, completes the proof. ■ 

Notation 3.18. Let r denote the norm topology on Gcm and Td denote the topol- 
ogy induced by dcM- 
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Proposition 3.19. For any y G G and W G r such that y G W , there exists U G Td 
such that y G U C W. 

Proof. First we will show that, there exists Eq > such that, for any x, y G Gcm 
and e € (0, £o/2), if dcM{%,y) < then ||a; _1 ?/|| BCM < 2e. Then we will show that 
the continuity of the map x i— » y||j CM (for fixed y) suffices to complete the 
proof. 

Let de be as in equation (|3.9j) and C = C(u>,a) be as in equation (|3.2|) . Let 



K 

£=1 

and take Eq :— l/2n A 1. Let B eo := {x G 0cm : INIscm — e o}- Suppose y G £> £o , 
and let 3 : [0, 1] — > Gcm be a C 1 -path such that g(0) = e and g(l) = y. Further, 
let T G [0, 1] be the first time that g exits B eo , with the convention that T = 1 if 
ff([0,l]) C B eo . Then, by equation ([3~8]) . 

tcM(g2~) > ^cm(5|[o,t]) 



> 



/ \\9'(s)\\ BoM -^2\d4 &d e gis) g'(s) 

JO n , 



ds 

BCM 



(l~X>|CV ) J Q T \\g>( 



. (1 ■^i^r-oi/ ii.'/(-iiifloMd»>(i-'«o)ii«/(T)ii BW >i|itfii aov . 



dcM(e,y) > -min(e , IMIbcm). for a11 V e g cm- 



Taking the infimum over g implies that 

d C M(e,y) > -\\y\\gcM> for a11 V € B eo- 

Now, if y ^ 5 eo , then the path g would have had to exit B £o and ^cm(<?) > 
|| ff (T)|| flCM /2 = £ /2 implies that d CM (e,y) > e /2. Thus, 

1 

2 

By the left invariance of dcM, this implies that, for any x,y G Gcm, 

dcM(x,y) = d C M{e,x~ l y) > - min(e , ||a; _1 y|| goM ). 

So if d C M{x,y) < e /2, then ||x _1 y|| BCJU < 2d C M(x,y). 

Now let VF G t (non-empty) and fix y G W. Recall that Lemma I5T41 implies that 
the map a; i— > ||2; _1 2/||b cm is r-continuous, and clearly ||^ _1 J/||g CM = if and only 
if x — y. Thus, 

A n {y) ■= \x: HarVllflcM < - \ I {y}, 



and there exists N sufficiently large that 1/N < eq/2 and Ajsr(y) C W. Then 
Bn(v) ■= j# : d CM (x,y) < ^| £ r d 

satisfies -Bjv(y) C Ajy(y), since a; G Bx{y) implies that dcM{x,y) < 1/2N < e /4 
and thus Hx-^Hb^ < 2d CM {x 1 y) < 1/N. Thus, B N {y) CW. ■ 
In particular, taking W = {x : \\y — x\\ BCM < 5} for some S > in this propo- 
sition, the proof implies that there exists N such that dcAi(x,y) < 1/2N implies 
that || y — x\\ SCM < S. Propositions 13. 171 and 13.191 give the following corollary. 
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Corollary 3.20. The topologies r and Td are equivalent. 

3.4. Ricci curvature. In this section, we compute the Ricci curvature of certain fi- 
nite dimensional approximations of G and show that it is bounded below uniformly. 
This result will be used in Section[5T]to give L p -bounds on Radon Nikodym deriva- 
tives of v t . It will also be applied in Section [5T2l to prove a logarithmic Sobolev 
inequality for v t . First we must define the appropriate approximations. 

Let i : H — > W be the inclusion map, and i* : W* — > H* be its transpose. That 
is, i*£ :=£oi for all I e W*. Also, let 

H»:={heH : {-,h) H G Range(i*) C H}. 

That is, for h £ H, h £ H* if and only if (-,h)H G H* extends to a continuous 
linear functional on W, which we will continue to denote by (•, h)u- Because H is a 
dense subspace of W, i* is injective and thus has a dense range. Since h >— > (■, K)h 
as a map from H to H* is a conjugate linear isometric isomorphism, it follows that 
H* 3 h h- > (-,h)H G W* is a conjugate linear isomorphism also, and so P* is a 
dense subspace of H. 

Now suppose that P : H — > P is a finite rank orthogonal projection such that 
PH G P*. Let {fcj}™^ be an orthonormal basis for PH. Then we may extend P 
to a (unique) continuous operator from W — > P (still denoted by P) by letting 

m 

(3.10) Pw:=^{w,kj) H kj 

i=i 

for all w G W. 

Notation 3.21. Let Proj(W) denote the collection of finite rank projections on 
W such that PW C P* and P\jj : H — ► P is an orthogonal projection, that is, P 
has the form given in equation (|3. 10|) . Further, let Gp :— PW ® t> (a subgroup of 
Gcm), and we equip Gp with the left invariant Ricmannian metric induced from 
the restriction of the inner product on qcm = P©t> to Lie(Gp) = PP0D =: g^M- 
Let Ric p denote the associated Ricci tensor at the identity in Gp. 

Proposition 3.22. For X = (A, a) G Qq M , 

w/iere (flg M )* - (PP)*® 0*. 

Proof. For g any nilpotent Lie algebra with orthonormal basis T, 

(3.11) (RicX,X) = 1 £ ||adpq 2 - 1 £ ||ad y X|| 2 , 

for all leg; see for example Theorem 7.30 and Corollary 7.33 of 5 . 

So let T m := {MS^ = {(h,0)}Zi U {(0,ej)}jLi be an orthonormal basis of 
8cm = -^-^ ® "> wnere {&i}2=i an d { e j}j—i are orthonormal bases of PH and 0, 
respectively. Then, for Y G 0cm> 

adyX = ^2 ( &d Y X ,hi) gaM hi= ^2 ( X i &A Y h i)sicM h i- 
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Thus, 

E H ad ^nL«= E E< x > ad ^>L M = E <*.[^ML«- 

fi.;er m /tiGr m /tjGr TO ht,hjeT m 

Plugging this into (|3. 1 1[) gives 



- (adhMK-l E WlhuX]\\l 



Corollary 3.23. Let 

^:=-isup{||[-,X]||^ M8B : ||X|| BCM =l}. 
TTien -fiT > — oo and K is the largest constant such that 



(Ric p X 7 X) g P nf > K\\X\\K, for all X € fl£ M) 



B C M - 1 "B C M 

holds uniformly for all P £ Proj(W / ). 

Proof. The first assertion is simple, since 

1 

2 



^>~ll[-»-]|la>-«>» 



by Corollary EES Now, for P £ Proj(W) as in Notation [3T2T1 Proposition [3T221 
implies that 



Thus, 



(3-12) >-isup{||[,X]||^ M) ^: 11X11, 

Noting that the infimum of Kp over all P £ Proj(M / ) is K completes the proof. 



Remark 3.24. Of course, one can compute the Ricci curvature for g = W © t> just 
as in Proposition 13.221 Choose an orthonormal basis T = {hi}°^ 1 = {(fej,0)}^j U 
{(0,ej)}f =1 of Qcm = H © 0, where {ki}^ is an orthonormal basis of H, and 
{ e j}j=i is an orthonormal basis of 0. Then, for all X = (A, a) £ Qcm, 



OO oo 



4 ^ x 1 1 " J " v 2 
i,j=i i=i 



|ll( a ; [■> '])Wa* OM mhM ~ 2^' ,X ^3* CM ®o - K \\ X Kcm- 
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4. Brownian MOTION 

Suppose that Bt is a smooth curve in Qcm with Bq = 0, and consider the 
differential equation 

g t = L gt *B t , with 50 = e. 

The solution g t may be written as follows (see [21]): For t > 0, let A„(t) denote 
the simplex in K™ given by 

{s = (si, • • • , s n ) G K" : < si < s 2 < ■ ■ • < s n < t}. 

Let S n denote the permutation group on (1, • • • , n), and, for each a G <S n , let 
e(a) denote the number of "errors" in the ordering (er(l), c(2), • • • ,a(n)), that is, 
e(ff) = #{j < n : a(j) > a{j + 1)}. Then 



(4.i) 5t = E E (- l ) e(a '/» 



n— 1 crG5 n 



n — 1 



/ [•••[S Ml) ,5 M2) ],...,]B M „ ) ]d S . 



'A„(t) 

For n G {1, ■ ■ ■ , r} and (T6 5„, let : Q®^ — > be the linear map given by 
(4.2) *£(*i<8 ■••«*«) := [[■ ■ ■ [fc ff(1) , fe CT(2) ], • • • ], fc CT (n)]- 

Recall that i 7 ^ is Hilbert-Schmidt by Corollary 13. 121 Then we may write 



n=l <xes„ 



C4.:ri ,„ > , > , ,-<;;.f;; ( ^ ^4 ®.»® s Sn <fe I . 

Using this as our motivation, we first explore stochastic integral analogues of equa- 
tion (|4.3[) where the smooth curve B is replaced by Brownian motion on g. 

4.1. Multiple Ito integrals. Let (•, •) ®» denote the inner product on 0®^/ ar i s ~ 
ing from the inner product on 0cm- Also, let {fej}?^ C -ff* be an orthonormal 
basis of H, and define P m G Proj(14 7 ) by 

m 

(4.4) P m {w) = ^2(w, ki) H ki, for all w G W, 

z=l 

as in equation (|3.10p . and define 

(4.5) 7r m (w,a;) := vr Pm (w, x) := (P m (w),ar) G G Pm . 

Of course, dim(Gp m ) = m + N , but in a mild abuse of notation, we will use 
{^i}I=i to denote an orthonormal basis of Gp ml rather than the more cumbersome 
{hi\T=X N = {(K 0)}™ 1 U {(0, ei)}f =l , where fej^ is an orthonormal basis of 0. 

Let {B t }t>o — {(/?*, Pt)}t>o be a Brownian motion on g = W © with variance 
determined by 

EK^^scm^^bcm] = (M) BCM min(s,t), 

for all s, t > and /i = (A, a) and fc = (C, c), such that A, C G -ff* and a, c G 0. 
Then 7r TO i? = (P m /3,/?°) is a Brownian motion on Q Pm = P m W © C flCM- 
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Proposition 4.1. For £ £ L 2 (A n (t), g®Xf) a continuous mapping, let 



■00*==/ (H(s),dn m B Sl 

JA n (t) 



i d-K m B x 



Then {</™(£)t}t>o * s a continuous L 2 -martingale such that, for all m, 

nJn(Ot\ 2 <\\ai HAn(tuTM y 

and there exists a continuous L 2 -martingale {J n (Ot}t>o such that 



lim E 

m— * oo 



0. 



(4.6) 

for all t < oo . In particular, 

(4.7) J n (0* := / (t(s),dB sl ® • • • ® dB aB }„«» , 

and J n {£)t * s well-defined independent of the choice of orthonormal basis {h i }°^ 1 
in $J~$ . 

Proof. Note first that, 



ii,...,i„=i" /A »W 



■■®hi)„®n dB\\ ■■■dBi- 



where {B 1 }^L 1 are independent real valued Brownian motions. Let ^ij,...,^ := 
(£, ^ii ® • • • ® /ii n >. Then 



|&,...,i„(^)| 2 < ||^)|| 



n 



and C*i,...,in ^ ^ 2 (A n (i))- Thus, J™(£)t is defined as a (finite dimensional) vector- 
valued multiple Wiener-Ito integral, see for example [HI [23] . 
Now note that 



*C(0t = 

= E 



(£(si, . . . , s n _i,t), dir m B Sl 65 • • • ® d-K m B Sn _ l <g> d-K m B t ) 



(£(si, ■ ■ ■ , s„_i, t), dn m B Sl ® • • • dir m B S7i _ 1 ® ft*) ®n <1BI. 

"CM 



/A„_ 1 (t) 

Thus, the quadratic variation (./"(£))< is given by 
m „t 



E / / (£( s i> ■ ■ • ,s„_i,r),d7r m _B Sl ® • • • ® dn m B Sn _ 1 ® /ij 

i=1 J0 ^A„_i(r) 



8 CM 



dr, 



and 

E| J-(0t| 2 = E<J^(0)t 



E / E E / / (£(si,---,Sn-2,T 2 ,Ti),d7r m B sl 



d-K m B s ® /i i2 ® /ij ) ®* 



dr 2 



dri. 
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Iterating this procedure n times gives 
(4.8) 

m „ 

E\JT(0t\ 2 = E / (£(n,-,r T ,),fc 1 
... : Jam 



i\ ,...,i n =X ' 



/ n > " 



dri ■ ■ ■ dr n 



A„(t) 



lk^(«)lljg- < UW 2 L2 {An{tU ^ M y 



and thus, for each n, J™(£)t is bounded uniformly in L 2 independent of m. 

A similar argument shows that the sequence {</™(f)*}m=i 1S Cauchy in L 2 . For 
m < £, consider 



n „ 

(4.9) 4(£) t - J™(£) t = E / (£(«)> ^B S1 ® • • • 

•••(g) d-KiB Sj _ 1 ® d(TTi - TT m )B Sj <g> dn m B Si+1 <g> ■ ■ • ® dn m B Sn ). 
Thus, applying Cauchy-Schwarz and computing as in equation (|4.8|) . 



(4.10) E|^(0t-^(0t| 

<*E E E E 

i=l i=l — m+1 ij + i ,. . . ,z n — 1 An(t) 

as 771 — ► oo, since 



ds -> 0, 



ll£ll 



/^(A„(t) )B §" ) 



A„(t) 



d S 



/ E k( s )>^ 



• <g> hi 



ds < oo. 



Since the space of continuous L 2 -martingales is complete in the norm M i— > E|Af t | 2 , 
there exists a continuous martingale {X t } t >o such that 



(4.11) 



lim E\J™(0t-X t \ 2 -0. 



To see that Xt is independent of basis, suppose now that {h'Ajti C i?* is 
another orthonormal basis for H and P' m : W — > iJ» and 7r' Tl : G — > Gp^ are the 
corresponding orthogonal projections, that is, 



and ir' m (w,x) — [P^w^x). Let 



^(a),d7r^S fll ® ■ • • ® d7r;,B 8 V 



A„(t) 
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Then, using equation (|4.9I) with Tre replaced by n' m , applying Cauchy-Schwarz, and 
again computing as in (|4.8| . gives 



E 



2 n « oo 

j=l- / A„(t) iu ..., in=1 



(£(s),7TnAi ® 



1 TT m h ij _ 1 <g (7r m - n'^hij <g ir' m h ij+1 (g) • • • (g) ir' m h in ) 



Bo* 



ds . 



Writing 7r m — Tr' m — (7r m —/) + (/ — 7T^,), and considering terms for each fixed j, 
we have 



TTm/lij (g • • • (g TT m h ij _ 1 <g> (7T m - J)/lj 



Oca/ 



,. E E E 

1 ^ ' zi ,. . — 1 ij — m+1 , ■ ■ -,in — 1 



8cm 



m oo 

/ E E E |«w.fc 



< 



■••(g) /li. 



'A„(t) 



1 ij— m+1 ij + i ,... 7 i n — 1 

as to — > oo. Similarly, 



ds -► 0, 



,, OO 



ii ,.. . ,i n — 1 



A„(t) 



(C(s)7^m^! (g ' ' ' (g TT m h. lj _ 1 

OO 



®<X.>,,g« 



ds 



ii ,.. . , ? n — 1 



„ oo oo m 

£ E E 



i± ,. . . ,ij _ 1 — 1 ij — m+1 ij + i ,. . . ,i n — 1 



(f(s),7T m /4 <g 



ds 



ds 



< 



„ oo oo m 

/ E E E |<«*)X 

JA„.t) „■ , _i „■ , i ... .•_ 1 



as to — ► oo. Thus, 



ds -> 0, 



lim E 

m — *-oo 



■C(0t - <C (0* 



= 0, 
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and Xt is independent of the choice of orthonormal basis. In particular, replacing 
J„(£)t i n l|4.10|) by J n {£,)t as given in equation (14. 7|) . and taking the limit as m — > oo, 
shows that X t = J n (Ot satisfies (|4. 1 1|) . Combining this with Doob's maximal 
inequality proves equation (|4.6[) . 



A simple linearity argument extends the map J„ to functions taking values in 
(8cm) 8 " ® »• 

Corollary 4.2. Lei F e L 2 (A n (t), (gp M ) 8 " ® ft) fee a continuous map. That is, 
F : A n (t) x 0§Xf — ^ f *s a map continuous in s and linear on Qq M such that 

■/ A,, (t) JA n (t) A i 



Then 

Jn(F)t ■= [ F(s)(dn m B Sl ® • ■ • ® d7r ro B, B ) 
•M„(t) 

is a continuous L 2 -martingale, and there exists a continuous -valued L 2 -martingale 
{J n (F) t }t>o such that 



lim E 

m—*oo 



SU P ||J-(0r-^(0r| 



0. 



/or all t < oo. The martingale J n (£)t is well-defined independent of the choice of 
orthonormal basis {hi}°°^ 1 in h4-4\ ), and will be denoted by 

Jn(F) t := [ F(s){dB Sl ®---®dB Sn ). 
Proof. Let {ej}j =1 be an orthonormal basis of 0. Then for any kx,... ,k n E 

0C Mi 

N 

F(s)(h <g) • • • ® k n ) = ^2(F(s)(k 1 (g) • • • (g) k n ),e 3 )e r 
i=i 

Since (F(s)(-), ef) is linear on Qq M , for each s there exists £j(s) G fl®M sucn that 
(4.12) «j(s),fei® fc n ) = (F(s)(fci®---(g)fc„),e J -). 

If : A n (t) -> gg^f is defined by equation (|432]) . then 

H^llL2(A„(t), ®" ) < / 11^(5)11^5 < OO. 

JA„(f) 

Thus, 

AT , iV 



J = 1 JA n (t) 

is well-defined, and, for each j, J n (£,j) is a martingale as defined in Proposition ^. II 
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4.2. Brownian motion and finite dimensional approximations. Again let Bt 
denote Brownian motion on g. By equation (|4.1|) . the solution to the Stratonovich 
stochastic differential equation 

Sgt = L gtt 6B t , with g = e, 

should be given by 



r-l 

9t = 

71—1 uGiSn 



r — 1 

E E < / [[•••k w ^ b mJ'"]-^mJ> 

!-^C M„(() 



for coefficients determined by equation (|4.1|) . 

To see that this process is well-defined, consider the following. Let {M n (t)} t >o 
denote the process in g® n defined by 



M n (t) := / SB S1 ®---®6B s 

JA n (t) 



By repeatedly applying the definition of the Stratonovich integral, the iterated 
Stratonovich integral M n (t) may be realized as a linear combination of iterated Ito 
integrals: 

n -. 

M n(t) = E E 

where 

JT := j(a x , . . . , a m ) e {1, 2} m : E ^ = n } ' 
and, for a S J"^ 71 , /"(a) is the iterated Ito integral 

-M m (t) 

with 

eLE> s if a, = 1 



Eoo 
j=l '"J w '"J ' 



^ i hi ® /i, (is if a,- = 2 

compare with Proposition 1 of [4]. 
As in equation (|4.2|) . letting 

i^(fci (g) • • • (g) fc„) := [[•■•[fc< 7 (l))fc<r(2)]r--].fe<r(n)]) 

we may write 

r-l 

at = E E c « F « ( M «w) 

n— 1 crGtS^ 

r-l n 

= E E E E 

n=l ctG5„ m=[n/2l "6.7™ 

presuming the integrals F£(I™(a)) are defined. 

For each a, let p Q = : a>i = 1} and q a — #{i : ai = 2} (so that p Q + q Q = m 
when a € and let 

n 

•Jn '■= I J J n ■ 

m=\n/2~\ 
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Then, for each a € S n and a 6 J n , 



where F^ a and f a are defined as follows. F£' a : g 



f a (s,t)F^ a (dB Sl ® ■ ■ ■ ® dB Sp J, 

— ► g is defined by 



(4.13) F^ a (k 1 ^---^k p J 

OO 



/ijj (8 hj 1 



for an orthonormal basis of Qcm and a' = a'(a) € S n given by er' = cor , 

for any r € S n such that 



dx: 



dB s 



h h ® h h 



The function / Q is a polynomial of order q a in s = (si, . . . , s Pq ) and i. Thus, / a 
may be written as 

q a 

(4-14) f a (s,t)=J2blt a f a , a (s), 

a=0 

for some coefficients 6^ G K and polynomials f aja of degree q Q — a in s. If is 
Hilbert-Schmidt on g^jjj , then 



/ 



fa,a(s)F n ' 

/ A Po (i) 

and Corollary 14. 21 implies that 



fa, a 



L 2 (A PQ (t)) 



< oo, 



(4.15) 



FZ(I?(a)) = '£b a a t a J n (f a , a FZ>°') t 



a=0 



is well-defined. In particular, if a m — 1, then f a = / Q (s) does not depend on t, 
and Corollary 14. 21 implies that F%(I™(a)) is a 0-valued L 2 -martingale. 
The next two results show that F°' a is Hilbert-Schmidt as desired. 

Lemma 4.3. Let n € {2, . . . , r}, cr € <S n , and a £ J n . For any d£C, {F°' a , u) is 
a Hilbert-Schmidt operator on Qq 1 ^ ■ 

Proof. First consider the case n — 2. In this case, p a = or p a = 2. If p Q = 0, 
then F 2 ff ' a = J2Zi F Z{hi ® Jn) = 0. If p Q = 2, then F 2 ff '"(£:i ® fc 2 ) - F 2 ff (ki ® fe) = 
[fc cr ( 1 ), fc CT (2))] is Hilbert-Schmidt by Corollary 13. 121 and thus {F^.v) is Hilbert- 
Schmidt. For n = 3, p a = 1 or p a = 3. If p Q = 3, then a = (1, 1, 1) and 

F^' a (h ®k 2 ® k 3 ) = Fq (fci ®k 2 ® k 3 ) = [[fc CT (i),fe CT ( 2 )], fc ff (3)] 

is Hilbert-Schmidt, again by Corollary 13. 121 If p a = 1, then a = (1, 2) or a = (2, 1) 
and 



F^ a (k) = J2 F f( k ® ft i ® 
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and we need only consider the case that 

F°' (k®h®h) = [[h,k],h]. 

So let {ki}°°^ 1 be an orthonormal basis of Qcm and {&e)f—i be an orthonormal basis 
of D. As in the proof of Corollarv l3.12[ expanding terms in an orthonormal basis of 
and applying the Cauchy-Schwarz inequality gives 



3 = 1 

3 N 



i=l 1=1 
oc N 



oo N 

j=i i=i 

2 



^ ^EE E^A-^XeU^]} 



i=i i=i \j=i J \ j=i 



N 



N 



\j=i i=i 

<JV|H| 2 <£>-l>||[ v ]||M|[v]|l3 



E Ei^'[^' fei 

i,j=l 1=1 



Now assume {F^!l\,v) is Hilbert- Schmidt for all a G l and a G J n -ii and 
consider (F°' a } v) for some tr G 5 ra and a € Let a — p a and b = q a , and note 
that either a > 1 and 



FZ> a (h <g • • • ® fc a ) 

OO 

= E ^«'( fc i 

3i,...,ii,=i 



• <g fc a <g /ijj <g /ijj 



= K-lOl ® • • • ® fcd-l <g fcd+l <g • ' ' <g fca ® ftj! 

(4.16) = [-F^Oi O • • • <g) (g) k d+1 (g • • • (g fc„), 



for some d G {1, . . . , a}, a", t G and j3 G 3™_-^ such that = Pa — 1 and 

<Z/3 = 5a , or b > 1 and 



*£'°(fci ® • • • ® fc Q ) 

OO 

= E \ F nU{kl 

h,—,jb=l 
(4-17) 

= E[^i(fci®-- 



fe a (g 



•k a ®h jd ),h jd ], 
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for some d G {1, ... ,6}, a" ,t € <S n -i and /3 € such that pp = p a + 1 and 

<Z/3 = q a — 1- In the first case, working as above for n = 3, 



= E 



E 

ii,. ..,»„=! 



E ^ ® ■ ■ ■ ® *i. ® /ij! ® ■ ■ ■ ® «} 

2 

oo 

E ([^-i(ki®--®> i A)>*i«iW 

jl,...,ji>=l 



oo Af 

^ E E 

ii,...,i a = l £=1 



E 



oo W 

= JV E EKk'^w 

»l,...,to=l £=1 

^MPllMII^ElfcV 



ii,...,ib=i 



which is finite by the induction hypothesis. Similarly, in the second case 



(Fn'^v) = E 



zi,...,i a =l 
oo N 



E ([^-1(^1 ® ■ ■ ■ ® «> 
ji,...,j b =i 



<^ E E 

»i,...,i =l £=1 

E EE 



E ( F n-i(kh®---^h jb ),e e ){[e e ,h jd },v) 
ji,...,j b =i 



< N 



oo N oo 



ii,...,i a = l £=1 j'd = l 

N oo 



E (*£-l(*il®"-®fci6).' 
jli-"iJd-liJd+l,-"iJb=l 



x I E E Kfo.fcwW 



JV 



<«E ■|H| 2 ||[v]||l. 



£=i 



Proposition 4.4. Let n e {2, . . . , r} 7 cr e 5„, and a £ J n . Then F°> a : g®^ —> 
is Hilbert- Schmidt. 
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Proof. This proof is analogous to that of Lemma l4~3l For F^ a as in equation 
P~TTjl . we have 



\K a \?2 = £ 

ii,.. . ,i a — 1 



ji,...,j h =i 



oo N 

E E 

ii t ... t i a =l t=l 

(oo oo 



ji,...jb=i 



j./ J 



E EE 

i 1 ,...,i a =i i=i j d =i 



N 



< 



^ll[v]|li£ <^i, 



h< — >3d-iJd+u — Jb=l 



which is finite by Corollary 13.121 and Lemma 14.31 In a similar way, one may show 
that, for F°> a as in equation (|4.16[) . 



N 



Remark 4.5. The proofs of the previous propositions rely strongly on being finite 
dimensional. Thus, if we were to extend the results of this paper to an infinite 
dimensional Lie algebra, another proof would be required here, or more likely, some 
trace class requirements on the Lie bracket of q. 

Proposition 14.41 allows us to make the following definition. 

Definition 4.6. A Brownian motion on G is the continuous G-valued process 
defined by 



= 1 creSn m=\n/2\ 



f a (s,t)F^(dB Sl 



A Po (f) 



where 



< = (-1) £ 



n — 1 
e(a) 



F°' a is as defined in (|4.13p and f a is a polynomial of degree q a in s = (s%, . . . , s Pa ) 
and t as described in (|4.14p . For t > 0, let ^ f = Law(g t ) be the Zieai kernel measure 
at time t, a probability measure on G. 
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Example 4.7 (The step 3 case). Suppose that q is nilpotent of step 3. Then 

3 

n=l aGSn 
3 n r a 

= E E E ^ E 

ra=l <t6S„ m=\n/2~\ 
3 n „ r 

= EE E /^-.^-(dB.x®-®^). 

n=l cr£S„ m=[n/2] ae j™ JA Pa ( t ) 

For n = 1, there is the single term given by 

Mi(i) - / SB s = B t . 
Jo 

For n = 2,J 2 = {(1, 1), (2)}, and so 



M 2 (t)=J t 2 ((l,l)) + ±/ t 2 ((2)) 



= / <£B Sl (g) (£B S2 + i / hi® hi ds 2 

JA 2 (t) 2 Jo 

/" 1 



There are of course just two permutations: a = (12) with e(a) — and c 2 = and 
t = (21) with e(r) = 1 and = —j, and, by the antisymmetry of the Lie bracket, 



]T c°F°{M 2 {t)) = i[dB ai ,dB a2 ] - \[dB S21 dB Sl ] = ±[dB Sl ,dB S2 }. 
<tgS2 



For n = 3, the permutations are (123) with e = 0, (213), (132), (312), (231) with 
e = 1, and (321) with e = 2. Thus, 

clF°{k 1 ®k 2 ®kz) = i[[fci,fc 2 ],fc 3 ] ~ -£[[fc2,fci, ],**]- *&],*&] 

- ^[[^3,fcl],fe] - ^[[fe,fc3],^l] + ^[[fc3,fe,],fcl] 

(4.18) = I[[fc 1 ,fc 2 ] ; fc 3 ] + I[[ fc3 ,fc 2 ,],fc 1 ]. 
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Also, J 3 = {(1, 1, 1), (1, 2), (2, 1)}, and so 



M 3 (t) = /!((!, 1, 1)) + i/ t 3 ((l, 2)) + i/ f 3 ((2, 1)) 



= f dB Sl <g) dB S2 <g) dB S3 + i f dB Sl ® /if ® /iids 3 

" / A 3 (t) 2 JA 2 (t) , l=1 

+ 2 / X/ S3 ^ 1 ® ^ ® ^ Ss3 
= / dB Sl (E>dB S2 (g>dB S3 + - / S^(t - s 1 )dB Sl <g> h t (g) h t 

JA 3 (t) ZJ Q l~i 

+ o / S3 ^ ® ^ ® ^3 • 

^0 (=1 

Note that /(i,2)(s,<) = t — si and /(2,i)(s,i) = S3. Plugging this into equation 
(|4~18|) gives, for the a = (1, 1, 1) € J3 3 term, 

5] <W(i?((l, 1, 1))) = E c 3 / F 3 CT (^ S1 ® di? S2 ® dB S3 ) 



\ [ {[[dB sl ,dB S2 ],dB S3 ] + [[dB S3 ,dB S2 },dB s 

O iA 3 (t) 



For a = (1,2) G J? 



3 ' 



<t6S 3 

and 

7^(1,2) 



P^(I t (l,2)) = - / 53(t-a 1 )[[dB. 1 ,/w] ) ft 4 
b7 ° i=i 



i=l 

with cr' = a. For a = (2, 1) e Jg 2 , 

c^(/ t ((2,l))) = i f f^ 8a [[dB aa ,hi],hi], 

bJ ° i=l 



and note that, in this case, 



^ 3 CT ' (2,1) 0) = E F3 (k (8 fci® hi) = V ^(hi Zii® fe), 
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and so a' = a o (231) (or a' = a o (321)). Combining the above, Brownian motion 
on G may be written as 

9t = B t + \ 



[dB Sll dB S2 ] 

t) 

+ 4 / ([[dB sl ,dB S2 ],dB S3 ] + [[dB S3 ,dB S2 ],dB Sl ]) 

11 JA 3 (t) 

i 00 /•' 

+ ol5w ((*-*)[[dB.,^],A<] + *[[<iB«,A<],fci]) 
i=i ^° 

= + - / [£ s ,dB 5 ] + i / ([[B ai ,dfl ai ] ) tiB w ] + [[dB ai ,£iB ai ],fl ai ]) 

^ JO J--* JA 2 (t) 

1 °° 

i=l 

Remark 4.8. In principle, the Brownian motion on G has generator 

oo 



where {hi}°^ 1 is an orthonormal basis of Qcm = H and /i is the unique left 
invariant vector field on G such that h(e) = h, and A is well-defined independent 
of the choice of orthonormal basis. Then the heat kernel measure {ft}t>o nas the 
standard characterization as the unique family of probability measures such that 
v t{f) '■— J G f dv t is continuously differentiable in t for all / £ C^(G) and satisfies 

j t Mf) = ±i/ t (A/) with W t (/) = /(e). 

However, this realization of v t is not necessary for our results. 

Proposition 4.9 (Finite dimensional approximations). For P 6 Proj(T / K), let gf 
be the continuous process on Gp defined by 



9t 



^ ; ^ ; ^ ; On— m ^ > 



n=l cre5„ m=fn/2] 



aej' 1 



A Pct (t) 



f a (s,t)F^ a (dnB sl 



> d7:B s Pa ), 



for ir(w,x) = (Pw,x). Then gf is Brownian motion on Gp. In particular, let 
9t — 9t* ' f or projections {Pe}fLi C Proj(W) as in equation {4-4\ l- Then, for all 
p £ [1, oo) and t < oo, 



(4.19) 



lim E 



SUP 3r ~9r\ 

T<t 



0. 



Proof. First note that gf solves the Stratonovich equation Sgf = L g p^8PB t 
with gf = e, see [H[8][3]. Thus, gf is a Gp-valued Brownian motion. 
Now, if (3t a Brownian motion on W , then, for all p £ [1, oo), 



lim E 



S Up\\P t T - T \\l 

T<t 



0: 
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see, for example, Proposition 4.6 of [ID] . Thus, 



lim 



sup\\TTgB T - B T \\ P 



= 0. 



By equation (I4.15|) and its preceding discussion, 



I _ \ " \ ~> \ ~> C 7t \ "* 

n=l m=[n/2] 

and thus, to verify (|4.19p . it suffices to show that, for all p G [1, oo), 



lim E 



sup 

T<t 



J n ifcxF n ) T Jn{faF n ' ), 



0. 



for all n <E {2, . . . , r}, a € 5„ and a e J n - By Proposition S3 i^'" is Hilbert- 
Schmidt, and recall that f a is a deterministic polynomial function in s. Thus 
Ji(faFn'°) an d Jn{f a F°' a ) are 0-valued martingales as defined in Corollary 14.21 
So, by Doob's maximal inequality, it suffices to show that 

^ ~ ~ ~ ~ p 

J n (faFn' a )t - Jn(f a F°' a )t 



lim E 

£->oo 







Corollary 14.21 gives the limit for p = 2. For p > 2, since each Jn{f a F°' a ) and 
Jn{f a F%' a ) has chaos expansion terminating at degree n, a theorem of Nelson (see 
Lemma 2 of [21] and pp. 216-217 of 20J) implies that, for each j G N, there exists 



c, < oo such that 



E 



J n {faF° ,a )t - Jn(faF°' a ) t 



2j 



< C- E 



J n (fotFn' a )t - Jn(f a F^ a ) 



2\ J 



5. Heat kernel measure 

We collect here some properties of the heat kernel measure on G. The following 
results are completely analogous to Corollary 4.9 of [10] and Proposition 4.6 in [12] . 
The proofs are included here for the convenience of the reader. 

Proposition 5.1. For any t > 0, the heat kernel measure v t is invariant under the 
inversion map g i— ► g^ 1 for any g € G. 

Proof. The heat kernel measures vf n = Law(g") on the finite dimensional 
groups Gp n are invariant under inversion (see, for example, 13J). Suppose that / : 
G — > K is a bounded continuous function. By passing to a subsequence if necessary, 
we may assume that the sequence of Gp^-valued random variables {<?™}^Li in 
Proposition 14. 91 converges almost surely to gt- Thus, by dominated convergence, 

E [/ (sr 1 )] = lim E [/ (Off?)" 1 )] = lim E [/ («#)] = E [/ (g t )] . 

n— >oc n—>oo 

Since v t is the law of gt, this completes the proof. ■ 

Proposition 5.2. For all t > 0, vt{GcNi) = 0. 

Proof. Let /it denote Wiener measure on W with variance t. Then for a bounded 
measurable function / on G = W © such that f(w, x) = f(w), 

[ f(w)dv t (w,x)=-E[f(j3 t )}= [ f(w)dfx t (w). 
Jg Jw 
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Let 7r : W x — > W be the projection ir(w, x) = w. Then ir*i/t — [it, and thus 
MGcm) = v t (Tr-\H)) = n*v t (H) = (h(H) = 0. 

■ 

This proposition gives some justification to our calling Gcm the Cameron-Martin 
subgroup of G. In the next section, we further justify this by showing that a 
Cameron-Martin type quasi- invar iance theorem holds for v t - 

5.1. Quasi- invar iance and Radon-Nikodym derivative estimates. The fol- 
lowing theorem states that the heat kernel measure v t — Law(g t ) is quasi-invariant 
under left and right translation by elements of Gcm and gives estimates for the 
Radon-Nikodym derivatives of the translated measures. 

Theorem 5.3. For all h € Gcm an d t > 0, v t o L^ 1 and v t o R7 are absolutely 
continuous with respect to v t . Let 

, &{v t o LI 1 ) d{y t o Rl 1 ) 
Zh - ahJ t ^ Zh - M 

be the Radon-Nikodym derivatives, K be lower bound on the Ricci curvature of G 
as in Corollaru \3.23l and 

c(t) := — — , for all t G R, 
e* — 1 

with the convention that c(0) = 1. Then, Z l h ,Z r h £ LP(y t ) for all p £ [l,oo), and 
both satisfy the estimate 

WKhH^) < CX P ( C( ^~ 1) ^M(e,fa)) , 
where * = I or * = r. 

Proof. As in [ID] , the proof of this theorem is an application of Theorem 7.3 and 
Corollary 7.4 in on the quasi-invariance of heat kernel measures for inductive 
limits of finite dimensional Lie groups. In applying these results, the reader should 
take Go = Gcm, A = Proj(Vy), sp = up, vp — La,w(gf), and v — v t — Law(g t ). 
We now verify that the hypotheses of Theorem 7.3 of [IT] are satisfied. 

By Corollary 13. 201 the inductive limit group Up e p ro j(vK)C?p is a dense subgroup 
of G C m- By Proposition l4~9l for any {P n }^ =1 C Proj(W) with P n \ H f 7 H and 
/ : G — > K a bounded continuous function, 

(5.1) / /<&/= lim / (/ oi Pn )dv Pn , 

Jc ™^°° Jg P71 

and thus the heat kernel measure is consistent on finite dimensional projections of 
G C m- Corollary Essays that K > -oo and Ric p > Kg p , for all P £ Proj(W), 
and thus the Ricci curvature is uniformly bounded on these projections. Lastly, the 
length of a path in the inductive limit group can be approximated by the lengths 
of paths in the finite dimensional projections. That is, for any Pq £ Proj(W) and 
<p £ G 1 ([0, 1], Gcm) with <^>(0) = e, there exists an increasing sequence {P n }%Li C 
Pto](W) such that P C P n , P n \ H T Ih, and 

£cm(v) = lim £c Pn (7Tn ° V>)- 
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To see this, let (f(t) — (A(t),a(t)) be a path in Gcm, and recall that, by equation 

una, 



l Gp (n n o ip) 



ds 



BCM 



» \ 



l^'Mlli 



r-1 



°'( s ) + X! ^ad^ (s) 7r n vy(s) 



ds 



Applying dominated convergence to this equation shows that (|5.1|) holds for any 
such choice of P n \s T Is sucn that Pq cP„. ■ 
We also have the usual strong converse to quasi-invariance of u t under transla- 
tions by elements in Gcm- 

Proposition 5.4. For h G G \ Gcm and t > 0, (y t o L^ 1 ) and v t are singular and 
(yt ° R-h, 1 ) an d Vi are singular. 

Proof. Again, let fit denote Wiener measure on W with variance t. Let h = 
(A, a) G G \ Gcm with A G W \ H and a G 0. Given a measurable subset {7 c W, 

v t {U x o) = P(f% G U)=ih(U). 

If A G \ H, fi t (- — A) and fi t are singular; for example, see Corollary 2.5.3 of 
[6j. Thus, there are disjoint subsets Wq and W\ of W such that ^it(Wo) = 1 = 
Ht(Wi - A). Note that 



L^(U x d) = ^(Z/ xt)) = (f/-i)xt). 

Thus, for Gj := Wi X for i = 0, 1, G is the disjoint union of Go and G%, and 
ft (G ) = /i*(Wo) = 1 while 

i/ t (RfiGi)) = vt = -4)xo) = // t (Wi - A) = 1. 



Proposition 5.5. For a/Z /i G Gcm and t > 0, ^(5) = Z[_i(<? 1 ). 
Proof. By Proposition [571] ^ t is invariant under inversions. Thus 

f(g-h)dv t (g) = f f{g~ x -h) dv t {g) = f f ((/T 1 • g)' 1 ) 0^(5) 



/( 5 - 1 )4_ 1 ( 5 )d^ t ( 5 )= / f(g)Z^ 1 (g- 1 ) d Vt (g). 

G JG 



5.2. Logarithmic Sobolev inequality. 

Definition 5.6. A function / : G — » K is said to be a (smooth) cylinder function 
ii f = F o Tip for some P G Proj(W / ) and some (smooth) function F : Gp — ► M. 
Also, / is a cylinder polynomial if / = F o np for F a polynomial function on Gp. 



Theorem 5.7. Given a cylinder polynomial f on G, let V/ : G 

gradient of f , the unique element of Qcm such that 



Qcm be the 



(V/(fl),A> fl£ 



V(ff) :=f(g)(L g *h e ), 
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for all h £ qcm ■ Then for K as in Corollary \3. 231 

J G {f 2 \nf 2 )dv t -(^Jj 2 dv^ ■\n(Jj 2 dp^j <2 *~^ - f G \\Vf\\l aM dut. 

Proof. Following the method of Bakry and Ledoux applied to Gp (see Theorem 
2.9 of [M] for the case needed here) shows that 

E [(/ 2 ln/ 2 ) (flf )] - E [f ( 5 f)] InE [f 2 ( 5 f )] < ^'—^E \\(V P f) (af)^ , 

for Kp as in equation (13.12[) . Since the function ae i — »• (1 — e~ x )/x is decreasing and 
K < Kp for all P £ Proj(W / ), this estimate also holds with Kp replaced with K. 
Now applying Proposition 14. 91 to pass to the limit as P j / gives the desired result. 
■ 

Remark 5.8. It is desirable to state Theorem 15.71 for a larger class of functions 
in L 2 {yt). To do this, one must prove that the gradient operator V : L 2 (vt) — > 
£ 2 (ft)<S)£JCM is closable. Unfortunately, Theorem l5.3l doesn't give good information 
on the dependence of the Radon- Nikodym derivatives Z l h and Z r h on h, and so at this 
point we can't prove the necessary integration by parts formulae to show closability. 
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